Pertanika J. Sci. & Technol. 26 (3): 1131 - 1154 (2018)

SCIENCE & TECHNOLOGY

Journal homepage: http://www.pertanika.upm.edu.my/

PERTANIKA

h

N\

The Study of Time Lag on Plant Growth Under the Effect of
Toxic Metal: A Mathematical Model

Kalra, P. and Kumar, P.*

Department of Mathematics, Lovely Professional University, Punjab, India

ABSTRACT

In this paper, a mathematical model is proposed for analytical study of plant growth subjected to the
effect of toxic metal. The associated state variables are plant biomass, concentration of nutrients and
concentration of toxic metal in the soil. The assumption is that the toxic metals present in the soil
interferes with nutrient availability and hence, adversely affect the plant’s growth. This effect is studied
by introducing the time-lag (delay) in consumption and utilisation coefficient due to less availability
of nutrients in the presence of toxic metal. The inclusion of delay disturbed the stability of the interior
equilibrium of the system and Hopf bifurcation occurred at the critical value of delay parameter. Further,
the direction, stability and period of these bifurcating periodic solutions are also studied as well as
sensitivity analysis of state variables with respect to model parameters. Numerical simulation support
analytical results using MATLAB.
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INTRODUCTION that an organism uses to survive and grow.
Plant-soil interaction means the mechanism
in which the plants take essential nutrients

from the soil through their roots which leads

Plants need carbon, hydrogen, and oxygen,
water and other nutrients which come from soil

for growth. Nutrients are components in food ‘
to growth of plants. A low concentration

of heavy metals is necessary for growth of
plants, but excess of these metals adversely
affect the soil quality and hence retards plant

ARTICLE INFO growth. Thornley (1976) is the first to apply
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mathematical modelling to wide range of
subjects in plant physiology to predict effect
of factors such as temperature, humidity,
radiation input and concentration of CO, on
process rates of respiration, photosynthesis,
transpiration, fluid transport and stomatal
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responses. Lacointe (2000) reported that that models suggested by Thornley were designed for
a particular plant species and under particular conditions, so they could not be applicable to a
wider range of conditions. Deleo et al. (1993) gave a simple model that coupled the effect of
toxic metal and soil chemistry to study the adverse effect of toxic metal on biomass of trees.
Guala et al. (2010, 2013) further modified the parameters of the model given by Deleo to show
the model was applicable to not only trees, but all plants in general. Misra and Kalra (2012)
studied how the toxicity of heavy metals could adversely affect the growth of a plant using a
two-compartment mathematical model. Rouches theorem (1960) explains distribution of roots
of exponential polynomials. Ruan and Wei (2001) used Rouches theorem for the discussion of
distribution of roots of exponential polynomials. Kubiaczyk and Saker (2002) studied stability
and oscillations in system of non-linear delay differential equations of population dynamics.
Ruan and Wei (2003) used Rouches theorem for the discussion of distribution of roots of
exponential polynomials for study of stability involving delays. Naresh et al (2014) studied the
effect of toxicant on plant biomass with time delays. Shukla et al (1996) studied the effect of
environmentally degraded soil by rain water and wind on crop yield. Sikarwar (2012) studied
the effect of time delay on the dynamics of a multi team prey predator system. Naresh et al.
(2006) studied the effect of an intermediate toxic product formed by uptake of a toxicant on
plant biomass. Huang et al. (2016) studied analysis for global stability of system of non-linear
delay differential equations involving population growth. Zhang et al. (2009) studied the
distribution of the roots of a fifth-degree exponential polynomial with applications to a delayed
neural network model. The explicit formulae is derived for determining the properties of the
Hopf-bifurcation at the critical value using the normal form theory and manifold reduction
(Hassard et al.,1981). Bocharov and Rihan (2000) came up with adjoint and direct methods for
sensitivity analysis in numerical modelling in biosciences using delay differential equations.
Rihan’s (2003) sensitivity analysis for dynamic systems with time-lags using adjoint equations
and direct methods when the parameters appearing in the model showed they were not only
constants but also variables of time. Banks, Robbins and Sutton (2012) presented theoretical
foundations for traditional sensitivity and generalised sensitivity functions for a general class
of nonlinear delay differential equations. Theoretical results for sensitivity are presented with
respect to the delays. Ingalls, Mincheva and Russel (2017) developed a parametric sensitivity
analysis for periodic solutions of delay differential equations. Kalra and Kumar (2017) studied
the role of time lag in plant growth dynamics using a two-compartment mathematical model.
Over the last decade, a lot of work has been done in the field of plant soil interaction under
the effect of toxic metals. Till date, delay differential equations have not been prominently
used in the field of soil-plant dynamics and agriculture. In view of the above, a mathematical
model is proposed for the study of plant growth by introducing delay parameter in containing
consumption and utilisation coefficient and complex behaviour giving rise to Hopf bifurcation.
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MATHEMATICAL MODEL

The plant growth dynamics is governed by the following system of non-linear delay differential
equations involving three state variables: Concentration of nutrients / in the plant, amount of
plant biomass W and concentration of toxic metal M in the soil .

&% = (Ky — KyuM) — aN(t =W — &;N [1]
%’:ﬁN(t—r)W—azw [2]
E =1—yNM — §;:M [3]

With initial conditions N(0)>0, W(0)>0, M(0)>0 for all #and N (¢ - 7 )= constant fort € [—t, 0].

The parameters defined are : Ky is the availability of total nutrients and (K,-Ky,, M) is the
supply of nutrients hindered due to presence of toxic metal. o is the consumption coefficient.
p is the utilisation coefficient for nutrients. y is the depletion of M due to interaction between
M and N. I is the intake of toxic metal M in the soil. d,, d,, J; are natural decay rates of N, W
and M respectively. Here, all the parameters a, S, y, Ky, Ky 1, 01, 0 », 05 are taken as positive.

BOUNDEDNESS

The boundedness of solutions of the model given by (1) -(3) is given by the lemma stated below:

Lemma 1. The model has all its solution lying in the region
3, (83KN—IKNM)

C=|(N,W,M)€ER,”:0 <N+W<7 0<M<6_] as t—oo, for all positive

initial values {N (0), W(O) M(0),N(t —1)= éonstant forallt € [~7,0]} € C c R, where

¢ = min(a, S, 61, 63).

Proof: Consider the following function: B(t) = N(t) + W(t)

dB(t) _
at

~IND + W)

Using Equations (1) -(2) and ¢=min(a,f,8;,8;) assuming that
aw (¢ IK
Ni(t) = Ng(t—1)ast - o %S (KN—%)— @B (t).
3

(63KN—IKNM)

Applying the comparison theorem, ast - oo B(t) < 5i0
3

S0,0 < N(£) + W (t) < =t
39
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From equation (3): Z—A: =] —yMN — ;M

am .
o <[ — §3M , then by usual comparison theorem, whent — co: M < 5L
3
So,0 <M < —
83

POSITIVITY OF SOLUTIONS

Positivity means that the system sustains. For positive solutions, one needs to show
that all solution of system given by Equations. (1)— (3), where initial condition is
N(0) > 0,W(0) > 0,M(0) > Oforall fand N (¢ - 7) = constant fort € [—T, 0], the solution
(N(t), W(t), M(t) ) of the model stays positive for all time 7> 0.

From equation (3): 31 = _ Looam Y(83Kn—IKnp)+83°¢
quation (3): < > —(yN + 6;)M i.e. 25 = ( o )

_(V(53KN—1KNM)+532<P)t
M > cje 53¢ , here ¢, is constant of integration. So, M > 0 for all t.

Similar argument holds for N and .

INTERIOR EQUILIBRIUM OF MODEL

We calculate an interior equilibrium E* of model. The system of equations (1) -(3) has one feasible

il x«_ 0 * Kn(BS3+y82)—KnmPBI 81 * BI
equilibrium E* (N W* M")where N* = 2, W* = (=X - M'=—
d ( ) B ( (B&3+v682) ) a’ (B&3+v682)

Theorem 1. Consider the exponential polynomial:
f(he™?m, ...,em) = A" + POA L + .+ P, OA" + B0 + [PIART 4
o Py "AN + Byt e AT e [PPAR T 4 e Py AR 4 P e AT

Where 1,>0(1=0,1,2,...,m) and P;/ (i=0,1,2,...m :j = 1,2,...n) are constants. As (T;,Ts,...,Tn)
vary, the sum of the orders of the zeros of exponential polynomial f(A,** ,....,e™™) on the open
right half plane can change only if a zero appears on or crosses the imaginary axis.

This result has been proved by Ruan and Wei [10,12] by using Rouches theorem.

STUDY OF INTERIOR EQUILIBRIUM AND LOCAL HOPF-BIFURCATION

Here, the dynamic behaviour of the interior equilibrium points E* (N°, W*, M") of the model
given by (1) -(3) is analysed. The exponential characteristic equation about equilibrium £” is
given by:

A+ mA? +mud + my + (A2 + nyd +n3)e ™ =0 (4]
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Where mp = (51 + 62 + 63 + yN*),mz = (5152 + 5263 + 5361 +
8;YN™ + KyuyM"),

m3 = (616263 + (52KNM]/M*),711 = (XW*, nz =
(XW*(51 + 63 + ]/N*), Tl3 = 5253(ZW*.

Clearly m,,m,,ms,n;,n,,n5 are all positive.
Clearly A=iw is a solution of equation (4) if and only if
(iw)? + my(iw)? + m,(iw) + my + (ny(iw)? + n,(iw) + n3)e T =0 [5]

Separating real and imaginary parts:

mg — muw? + (N3 — nyw?)cos wt + n,w sinwt = 0 (6]
myw — w3 + nyw cos wt — (n; — nyw?) sinwt = 0 (7]
W hich gives: w® + (M2 —ny? = 2my)w* + (My?2 — ny% + 2nyng —
2mymz)w? + (m3* —n3?) = 0 [8]

Leta=a = (m? —ny 2 — 2my), b = (my? — ny? + 2nyng — 2mymy), ¢ =(my? — n3?).
Letw? =y, then equation (8) becomes: y3 + ay? + by + ¢ = 0. [9]
Claim 1. If ¢<0, Equation (9) contains at least one positive real root.

Proof. Leth(y) = y3 +ay? + by + ¢

Here h(0) =c <0, limy,, h(y) = o, 3 y, € (0,) such that h(y, )=0.Proof
completed.

Claim 2. If ¢ > 0, then necessary condition for equation (9) to have positive real roots is
D=a’-3b>0.

Proof. Since i(y)=y*+ay*+by+c, therefore i’ (y)=3y*+2ay+b

h’ (y)=0 implies 3y*+2ay+b=0 [10]
The roots of equation (10) can be expressed as y, , = —2a¥ 2“2_121’ = _a?/ﬁ [11]
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If D<0, then equation (10) does not have any real roots. So, the function /(y) is monotone
increasing function in y. It follows from 4(0)=c>0 that equation (9) has no positive real roots.

Clearly if D>0, then y, = _a;‘/ﬁ is local minima of /(y). Thus the following claim.
Claim 3. If ¢>0, then equation (9) has positive roots if and only if y,>0 and /(y,)<0 .

Proof. The sufficiency is obvious. Only necessity needs to be proved. Otherwise, assume that
either y,<0 or y,>0 and A(y, )>0 .If <0, since A(y) is increasing for y>y, and 4(0)=c>0, it follows
that /() has no positive real zeros. If y,>0 and 4(y,)>0, since y, = ~2=VP is the local maxima

value, it follows that /(y, )<h(y,). Hence, 4(0)=c>0, As /(y) does not have positive real roots.

Lemma 2. Suppose y, is defined by equation (11).

(D) If ¢<0, Equation (9) contains at least one positive real root.

(I) If ¢>0 and D=a*-3b<0, then equation (9) has no positive roots.

(IIDIf >0, then equation (9) has positive roots if and only if y,>0 and A(y,)<0. Proof.

Suppose that equation (9) has positive roots. Without loss of generality, assume that it has
three positive roots, denoted by y,,,,)s. Then equation (8) has three positive roots, say

w1=\/ﬁ,wz=\/y_,w3=\/ﬁ-

. myw—w? . . 1 .. _
From (7) sinwt = —2 ——— Which gives T :Z[Sln 1(

myw-—w

)+ 26~y ) = 12,3~

; 1. _ —wi> , ,

Let7,0) = w—k[sm ! (%) +2( — 1)n] sk=123;j=012—— —

Then is a pair of purely imaginary roots of equation (8)

Where 7 = 7,0,k = 1,23,/ =012, — — =, limj ;) =00,k =1,234.

Thus, define 7o = Tko(jO) = minlsks3,j21[Tk(j)]: Wo = Wiy Yo = Vi, [12]

Lemma 3. Suppose that m,>0,(ms+d)>0,m, m,-(ms+d)>0.

(I) If >0 and D=a-35<0, then all the roots of equation (4) have negative real parts for all
7>0.

(II) If ¢<0 or ¢>0, y,>0 and A(y,)<0, then all the roots of equation (4) have negative real parts
forall T € [0, 7).

Proof. When =0, equation (4) becomes

2,3 + (m1 + nl)/lz + (m2 + 7’12)/1 + (m3 + 713) =0 [13]
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Based Routh-Hurwitz’s criteria, (H1): All roots of equation (5) have negative real parts if and
only if (my+n;)>0,(m+n,)(m,+n,)-(m;s+n3)>0.

If ¢>0 and D=a*-3h<0, Lemma 2 (II) shows that equation (4) has no roots with zero real part
for all 0. When ¢<0 or ¢>0, »,>0 and A(y,)<0, Lemma 2 (I) and (III) imply that when
t# 4%, k=1,2,3.;j>1, equation (4) has no roots with zero real part and 7, is the minimum value
of 7 so that the equation(4) has purely imaginary roots. Applying theorem 1, the conclusion
of the lemma is obtained.

Let A(t) = Y(17) + iw(7) [14]
be the roots of equation (4) satisfying: Y (7o) = 0, w(7y) = wq

In order to guarantee that +w, are simple purely imaginary roots of equation (4), with 7=z,
and A(7) satisfies transversality condition, assume that 4’ (y, )#0.

Lemma 4. Suppose yo=w,>. If =1, Then Sign [’ (ty)] ==Sign [# ()]

Proof. Puiting A(7) in equation (4) and differentiating w.r.¢ 7, it follows that
Z—i [322 + 2myd + my + (A2 + npd 4+ 1n3) (—7) + (2myd +1ny))e ™| =

Ay 2% + nyd +ng)e ™

Then (ﬂ)_l _ (3A2+2myA+m,)er” @niatny) oz

dt A(n1A2+ny14n3) A(n1A2+nyA+n3) 2

From equations (6) -(8):

(322 +2myA+m,)er” [ (2nqA+ny) 1
A(n1A2+nyA+n3) A(n1A%2+n,1+n3) A

1 (to) = Re [

2awy* + bwy?]
Where A= [(n; — n;0?)? + (n,w)?]. Here A >0 and w,>0.
It is concluded that Sign [y’ (z,)]=Sign [/ (y,)]. This proves the lemma.

DIRECTION AND STABILITY OF HOPF-BIFURCATING SOLUTION

In the previous section, a family of periodic solutions is obtained that bifurcate from the positive
steady state E" at the critical values of 7. It is also worthwhile to determine the direction, stability
and period of these bifurcating periodic solutions. In this section, an explicit formula will be
derived to determining the properties of the Hopf-bifurcation at the critical value 7;, using the
normal form theory and manifold reduction due to Hassard, Kazarion and Wan (1981).
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u, =N—N"u, =W —W*, u3 =M — M"and normalising the delay t by time scaling

tot , equations (1) -(3) are transformed into
T

du1

= =61 — Ky — aWuy (¢ = 1) — auy (¢t = D, [15]
d * *
f = —yM*u, — (yN* + 63)uz — yu us [17]

Thus, work can be done in phase C = C ((— 1,0), R+3). Without loss of generality, denote the
critical value 7; by 7,. Let =11, then 4=0 is a Hopf-bifurcation value of the system given by

equ

ations (17) -(19). For the simplicity of notations, rewrite this system as

w'(6) = L, (ue) + F(pue) [18]

Whereu(t) = (uy(t), uy(t), us(t) )T € R3,u.(0) € Cisdefinedbyu,(0) = u.(t + 8).and

L,:C - R, F:RXC — R are given, respectively by
L0 =
[ -6, 0 —Kym ?,(0)
(to+w)| O =8, 0 ?,0) [+
__VM* 0 —(YN™ + 63)]|05(0)
—aW* 0 07|9:(-1)
(To+w | pW* 0 0f|0.(-1
0 0 01]|95(-1)
F,
And F(u, @) = (1o + ) | F2 | respectively where F; = —a®,(—1)9,(0),
F,

F, = B91(=1)0,(0), F; = —y©,(0)95(0)

8(6) = (8,(0),8,(9),850))" € C((~1,0),R).

Bas

ed on the Riesz representation theorem, there exist a function #(6,4) of bounded variation

for 6 € [—1,0],, such that L, @ = f_ol dn(6,0)@(6) forp € C.

1138
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n(6,u) =
[ _61 0 _KNM
Instead, choose [—yM* 0 —(yN*+6;)
[—aW™* 0 0
(to+w)| pW* 0 0]6(6+1)
0 0 0

Here ¢ is the Dirac delta function. For @ € C ([— 1,0], R+3), define

ag(6)
Awo=1 ,
{ 0, 6 €[—1,0)
F(‘u') @) 0 = O'

, 6 € [-1,0)

Then the system (18) is equivalent to
u' () =AW + R(Wu, [19]
Fory € Cl([— 1,0], R+3), define

— W) s € [-1,0)
Ap(s) = 2

0 And bilinear inner product
Jo dn"(=t,0y(-t), s=0.

<(s),0(60) > = p(0)0(0) — [°, 7, (§ — 0)dn(0)$(€) d§ [20]

Sine 4" and A=A(0) are adjoint operators and iw, are eigen values of A(0). Thus they are eigen
values of A", Suppose that (8) = q(0)e’“% is an eigen vector of 4(0) corresponding to the
eigen value iw,. Then 4(0)= iw, ¢(6). When 6=0,

|iwol = [°, dn(6)e?o?] q(0) = 0, which yields q(0) = (1, a3, py)" where

_ (@aW"+81+iwg) d _ BW(82-iwg)
T Knm and p1 82 +wo?

Similarly, it can be verified that ¢*(s) = D(1, a5, p,)e'@0%° is the eigen value of 4*
corresponding to —iwg, where

— (aW*+61—i(u0) _ BW*(62+1‘0)0)
- 822+w02

01 and P1

Knm
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In order to assure <g" (s),q(6)> =1, the value of D needs to be determined.

From equation (22), <¢" (s),q(0)>

5(1' 0-_21 E)(ll 0-11 pl)T -

10 18 DT, Bpe o= dn(8) (1, 0y, py)" 0% d

— J— —_ O —_ .
=D {1 + 0103 + p1p; — [, (1,52,p2) Belwomob (1, 0'1'.01)T}

= D{1 + 010, + p1p; + TeT W (Bp; — acy)e @00}

1
(1+0107+p1p2+T00,W*(Bp1—acy)eiwoTo)

Hence, choose D=
such that < g*(s),q(0) >=1,< q*(s),q(0) >= 0.
Following the algorithm given by Hassard et al., (1981) and using the same notations as there
to compute the coordinates describing the centre manifold Cj at =0. Let u,be the solution of
equation (18) with ¢=0. Define

2(8) =< q*(5),u(0) >, W(t,0) = u,(6) — 2Re(2(£)q(6)) [21]
On the centre manifold Co, W (t,0) =W (Z(t), z(t), 9)

2 =2
Where W(z,7,0) = Wy (0) = + Wy1 (0)2Z + W (6) 5 + -+,

z and Z are local coordinates for centre manifold C, in the direction of ¢* and q* . Note that W
is real if u, is real. Consider only real solution. For solution u, € Cyof equation (20), since =0,

7' (t) = iwyToz+< q*(0),F(0,W(z,2,0) + 2Re(z(t)q(0)) ) >

= iw,79z + q*(0) F(0,W(z,Z,0) + 2Re(2(t)q(0)) )

= iwyToz + q*(0)Fy(2,2)
Rewrite this equation as

z'(t) = iwyToz(t) + g(2,2) [22]
Whete 9(2,7) = T (0)Fo(2,7) = g20(6) % + g11(6)77 + goa () & +

921 (0) 2 + - (23)
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As u (0) = (ugp, Uge, uze ) = W(t,0) +2zq(0) + E@

(1,04, p1)Tei®0%0? 5o

u1:(0) = 2+ Z + Wy (0) 72 + Wy, D(0) 2z + Wp, P (0) ? + o

Uz (0) =01z + 07z + Wzo(z)(o)é + Wy, @(0) 2z + Wy, @ (0)2—22 +
usc (0) = py, 2 + Pry Z + Wa®(0) ? + Wy, P (0) 2Z + Wy, P (0) § + o
Uy (—1) = ze190% 4 Zei@0 + Wy (~1) 2 + Wy, P (=1) 22 +

Wo V(=1 ? +o

Uy (—1) = 0y 1 @0%0z + Gy ei@oTo 7 + WZO(Z)(—l)é + Wy, P (=1 zz +
Wo® (=1) ? +o

Thus, comparison of coefficients with equation (23) gives:

920 = D(1,01,p1)f ;2, o2 = D(1,57, P2 )52
g1 = D(1, 01,02 )f 720921 = 5(1,0_1»E)fz22

In order to determine g,,, focus needs to be on computation of Wy, (6) and W), (6). From
equations (19) and (21):
AW — 2Re[q*(0)F,q(8)], 6 € [-1,0)
AW — 2Re[q*(0)F,q(0)] + Fy, 0=0
Let W =AW + H(z,z,0) [24]

W’=ut’—z’q—E'q={

2 =2 2=
Where H(Z, E, 9) = Hzo(e) Z; + H11(9)ZZ + Hoz(e) Z; + H21(9) % + Sty [25]
On the other hand, on C, near the origin W' = W,z' + W,z’
Expanding the above series and computing the coefficients, we get

[A = 2iwoI]W,o(8) = —Hy,(8), AW,1(0) = —H,,(8) [26]
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By equation (22), for 8 € [—1,0),
H(2,7,0) = —q"(0)Foq(8) — 4" (0)F, q(8) = —gq(6) — g q(6)
Comparing the coefficients with (23) for 8 € [—1,0] that
Hy0(0) = —9209(8) — goz q(6), H11(8) = —9119(8) — g11 q(6).
From equations (22), (25) and the definition of 4 we obtain
W20 () = 2iwgToWo0(6) + g209(8) + goz q(0)

Solving for W, (0):

W,(0) = %q(o)eiwofoﬂ + ﬁﬁ(o)e_i“"’roe + E, e?iwotof

And similarly

Wi, (0) = %q(o)eiwo%@ + %a(o)e—iwgroe +E,

Where E| and E, are both three dimensional vectors, and can be determined by setting =0 in
H. In fact since H(z,Z,0) = —2Re[q*(0)F,q(0)] + F, ,

So

H0(0) = —g209(0) — goz q(6) + F 2,

Hi1(60) = —g119(0) — 911 9(0) + F 7

Where Fy = F 2 ? + F,zzz + F_ 52_2 + ..

Hence combining the definition of 4,

J2, dn(O)W20(8) = 2iwToWa0(0) + 9204(0) + Foz T(0) = Fz and
12, dn(@)W:1(0) = g11q(0) — 13 G(0) — Fz

Notice that

|iwotol = [°, e dn(6)] 9(0) = 0and

[~iworel = [, €70 dn(6)] q(0) = 0

1142 Pertanika J. Sci. & Technol. 26 (3): 1131 - 1154 (2018)
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implies

[Ziworol — f_oleZi‘*’f’TOgdn(B)] E, =F,2 and — [f_ol dn(@)] E,=F,;

Hence,
(2iw, + 8, + aW*e2iwoTo) 0 —Kyu
LW *e~2iwoTo Qiwy + 8,) 0 Ey =
yM* 0 (2iwg + YN* + 63)

ao-le—iwo'foe
-2 —ﬁo-le_iwofoe and

—YpP1
6y +aWw*) 0 —Kyuy aRe{o, }ei®oTo?
pwW* 0, 0 E, =-2 —ﬁRe{o‘l}ei“’OTOG
yM” 0 (YN"+63) —yRe{p;}

Thus g,, can be expressed by the parameters.

Based on the above analysis, each g; can be determined by the parameters. Thus, following
quantities can be computed:

i _ 2 _ lgoz 921 _ _ Re{c,(0)}
C,(0) = 2weTe (911920 2| g1l — ) +5 ) M2 = = et ooy
B> = 2Re{C;(0)}, [27]
T — Im{C1 (0)}+pzIm {2’ (7o)}
= —

WqoTo

Theorem 2. The value of u, determines the direction of the Hopf bifurcation: if u,>0(u,<0),
then the Hopf bifurcation is supercritical (subcritical) and the bifurcating periodic solutions
exist for ©>1, (t<7y). The value of S, determines the stability of bifurcating solutions: the
bifurcating periodic solutions are orbitally asymptotically stable (unstable) if 5,<0 (5,>0). The
value of 7, determines the period of the bifurcating periodic solutions: the period increases
(decreases) if 7, >0 (7, <0 ).

SENSITIVITY ANALYSIS OF STATE VARIABLES WITH RESPECT TO
MODEL PARAMETERS

In this paper, the model includes constant parameters. The ‘Direct Method’ to estimate the
general sensitivity coefficients is used. The direct method is based on considering all parameters
as constants and then the sensitivity coefficients are estimated by solving sensitivity equations
simultaneously with the original system. If all the parameters (a,f,y) appearing in the system
model (1)— (3) are taken to be constants, then sensitivity analysis, in this case, may just entail
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finding the partial derivatives of the solution with respect to each parameter. As an illustration

if consider parameter S, then partial derivatives of the solution (N, W, M) with respect to f§ give
rise to following set of sensitivity equations:

% = —6151 - aN(t - T)SZ - KNMS3 - aWSl (t - T) [28]
% = (BN(t —7) — 6,)S, + BWS,(t — 1) + WN(t — 1) 2]

oON ow oM
Wheresl = ﬁ’SZ = 5,53 =ﬁ

Then, this system of sensitivity equations (28) — (30) along with the original system of equations
(1)—(3) is solved to estimate the sensitivity of the state variables (N, W, M) to the parameter 3.

The similar procedure and argument holds for estimating the sensitivity of the state variables
with respect to the parameters o and .

Sensitivity of Variables to Parameter o

As shown by Figures 1 and Figure 2, the parameter consumption coefficient o does not lead
to much of variation and change in the values of state variables nutrient concentration N and
concentration of toxic metal M which ultimately remain stable and tens to zero, as we decrease
the values of a from ¢=0.9 to a=0.5. It predicts the lesser sensitivity of state variables N and
M to the parameter o.. However, for the same range of values of a, the state variable amount of
plant biomass W undergoes under considerable change as shown by Figure 3. It shows increase

in the rate of plant biomass with decrease in the delayed value of consumption coefficient. It
remains stable as well.
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Figure 1. Time series graph between partial changes in nutrient concentration N for different values of
consumption coefficient a
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Figure 2. Time series graph between partial changes in concentration of toxic metal M for different values of
consumption coefficient a
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Figure 3. Time series graph between partial changes in plant biomass W7 for different values of consumption
coefficient a

Sensitivity of Variables to Parameter f

Initially, the rate of nutrient concentration starts losing stability with decrease in value of
utilisation coefficient, but finally becomes stable and tends to be zero as we decrease the values
of parameter utilization coefficient £ from =0.7 to f=0.3 as shown by Figure 4. Figure 5 shows
the increase in rate of concentration of toxic metal M with decrease in value of utilisation
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coefficient f§ from =0.7 to f=0.3. It starts losing stability as well. Decrease in the rate of plant
biomass W with decreased value of delayed utilisation coefficient is shown in Figure 6. It also
starts losing stability.
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Figure 4. Time series graph between partial changes in nutrient concentration N for different values of
utilisation coefficient f
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Figure 5. Time series graph between partial changes in concentration of toxic metal M for different values
of utilisation coefficient
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Figure 6. Time series graph between partial changes in plant biomass W for different values of utilisation
coefficient f

Sensitivity of Variables to Parameter y

Figure 7 shows nutrient concentration # is not very much affected by decease in values of
depletion coefficient y from y=0.2 to y=0.05. It does not lose stability. Figure 8 shows decrease
in rate of concentration of toxic metal with decrease in values of depletion coefficient of toxic
metal due to interaction with nutrients. It stays stable. Figure 9 shows increase in rate of plant
biomass with decrease in values of depletion coefficient of toxic metal due to interaction with
nutrients. It remains stable as well.
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Figure 7. Time series graph between partial changes in nutrient concentration N for different values of
depletion coefficient y
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Figure 8. Time series graph between partial changes in concentration of toxic metal M for different values
of depletion coefficient y
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Figure 9. Time series graph between partial changes in plant biomass W for different values of depletion
coefficient y

1148 Pertanika J. Sci. & Technol. 26 (3): 1131 - 1154 (2018)



Plant Growth Model with Time Lag Under Toxic Metal

NUMERICAL EXAMPLE

To consolidate the analytical result with the help of a numerical, simulation is done with
MATLAB. For the following set of values, the behaviour shown by the system is as follows:

Ky=1,K~0.3,0=0.9,6,=0.2,5=0.7,0,=0.8,/=0.5,y=0.2,0,=0.4.
The behaviour of the system for different values of delay is expressed as:

E, (N'=1.1426,Ww"= 0.5181,M"= 0.7950)

1.3 T T T T T ’Z
1.2 N
1.1 w
T
1
- M
> 0.9
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07p i
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05 o
0.4 r r r r r
0 50 100 150 200 250 300

Time t

Figure 10. The interior equilibrium point £, (1.1426,0.5181,0.7950) of the system is stable when there is no
delay that is ©=0

Solution y
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0.2 L r L r r
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Figure 11. When delay 1<1.373, the interior equilibrium point £, (1.1426,0.5181,0.7950) is asymptotically

stable
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Figure 13. The interior equilibrium point £, (1.1426,0.5181,0.7950)losses its stability and Hopf- bifurcation
occurs when delay ©>1.373
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Figure 14. Phase space diagram of Nutrient N, Plant Biomass W and Toxic Metal M when delay ©>1.373. The
bifurcating periodic solution is orbitally, asymptotically stable
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CONCLUSION

In this paper, a mathematical model is proposed to study the role of delay on plant growth
dynamics under the effect of toxic metal. The stability and Hopf- bifurcation about the
interior equilibrium is studied. It has been concluded that when there is no time delay, interior
equilibrium £, (1.1426,0.5181,0.7950) is completely stable (Figure 10) as proved by lemma
3 using Routh-Hurwitz’s criteria. But under the same set of parameters, a critical value of the
parameter delay is obtained below which the system is asymptotically stable (Figure 11 and
Figure 12) and unstable above that critical value of parameter (Figure 13 and Figure 14) as
proved by lemma 2 and lemma 4. While passing through the critical value, the system shows
oscillations that is Hopf bifurcation.

In this paper, the sensitivity of model solutions due to perturbing the parameters appearing
in delay differential systems is also investigated using direct method. It is shown how the
sensitivity functions enable one in identification of specific parameters and improve the
understanding of the role played by specific model parameters. The oscillation and change in
values accompanied by the sensitivity of state variables to parameters means that the solution
is sensitive to changes in the parameter and that parameter plays an important role in the model.
Sensitivity analysis reveals that the state variable nutrient concentration N is least sensitive to
all parameters (o, f,y) compared with other two state variables # and M who show considerable
amount of change in their rates for different sets of values of the parameters. Rate of plant
biomass shows increase with decrease in the delayed value of consumption coefficient and
stays stable (Figure 3) and decreases with decrease in delayed value of utilisation coefficient
and loses stability (Figure 6).

This theoretical model as well as numerical results show that for a certain threshold of
parameters, the system possesses asymptotic stability around positive interior equilibrium.
Further from stability analysis and numerical simulation, it is concluded that 7 is a bifurcating
parameter for which the interior equilibrium point shows stable oscillatory behaviour when
> 15. After considering the effect of time lag in the system, limit cycles appear for interior
equilibrium points when time delay crosses some critical value.

In future, the efforts will be made to validate the proposed mathematical model with
some existing plant growth data under the effect of toxic metals. The proposed mathematical
model dealing with delay in plant soil dynamics under the effect of toxicant will be helpful to
farmers, agriculturists, ecologists and scientists to use pesticides, insecticides and chemical
fertilizers in an optimal way. The study of the factors due to which the delay is produced,
and the components being affected will help the concerned community to plan the remedial
measures. Being quantitative in nature, the mathematical model will prove to be economical
in terms of time and money being invested on large scale experiments.
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